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A mathematical model has been developed to describe the field of vision
of a pilot seated in as aircraft. Given the position and orientation of the
aircraft, along with the geometrical configuration of its windows, and the
location of an object, the model determines whether the object would be
t0ithin the pilot's external vision envelope provided by the aircraft's
windows. The computer program using this model has already been
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1.	 INTRODUCTION
The National Aeronautics and Space Administration, Wallops Flight
Center, Wallops Island, Virginia, is conducting studies of the existing
air traffic patterns at uncontrolled airports. Data acquired are being
used to evaluate new air-traffic pattern concepts which may reduce the
potential for mid-air collision hazard near such airports. The Air
Traffic Group of Computer Sciences Corporation, Wallops Island,
Virginia, is providing support to the project by developing computer
programs for data reduction, developing a data base, and providing
statistical and mathematical modeling of the data. Appvoximately three
thousand radar tracks were acquired at three uncontrolled and three
controlled airports. A data base called Integrated Data Store (IDS)
has been developed to store position-velocity time histories of the
tracks, type of aircraft, airport, runway used, wind speed and direction,
cloud ceiling, visibility, barometric pressure and other operator comments.
'	 This report describes the math model developed for analyzing the
pilot's {ield of vision from the cockpit of his aircraft. It has been
noted that the pilot has a very limited field of visicn available to him
because he cannot see straight up, straight back, or straight down; and
also his ability to detect other aircraft in his vicinity depends upon
the orientation of his own aircraft. Most mid-air collisions in the vicinity
of airports occur because either the pilot fails to look or cannot see due
-
I-I. ic .	 G.isual restrirtinn. This math model has been developed to
determine whether or not some exterior point is potentially visa^ ,i ^ rr, a
pilot seated in an aircraft. It should be mentioned that L. S.
,gq
I
i- _ --w- 1 . , gyp.
i W. A.	 Steele, J. J. Filliben and	 1. B. Hare have used similar ideas regarding
the geometry of the vision envelope in their math model.*
The computer program simulating the model is initialized by calling
Subroutine INIT, which loads the common data areas with the window outlines
for the chosen aircraft. Window outlines were obtained from binocular
photographs supplied by Mr. P. M. Rich of the Federal Aviation Administra-
tion's National Flight Evaluation Center at Atlentic City, New Jersey.
The Subroutine VISION is then called to test the visibility of a particular
target from a viewing aircraft. The program presently contains the window













Space has been reserved in the common area for ten more aircraft types.
*National Bureau of Standards Report 1052, entitled "Approaches to Evaluating
( i	




^l	 2.	 MODEL FORMUT ATION
Since it is the pilot who is at the control, the model equations are
written in the coordinate system fixed with the aircraft (A). In essence,
the problem is to locate the point of intersection (I) of the line
joining the pilot's eyes (P) to the object (0) and the plane of the window.
If this point lies in front of the pilot's eyes and falls within the boundary
of the window, the object should be visible through that particular window;
otherwise not.
2.1 COORDINATE SYSTEMS
Two distinct coordinate systems are used. Figure 1 illustrates the
system fixed to the ground (G-System) with the origin at any suitable point.
Figure 2 shows the system fixed to the viewing aircraft (A-Systc ) with the






Figure 1. GROUND CGORMNATE J1JTEd-1 (0-J1JT1.11)
	 I
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— A—,
l	 !
x = R cos 6 sin a
y = R cos R cos a
z = R sin B,
where	 -900 < g < 900,







Figure 2.	 AIRCRAFT COORDINATE SYSTEM (A-SYSTEM)
r, X, and U are spherical-polar coordinates of a point in A-System.
The cartesian components of which are written as in (1) with ( R, B,a)
replaced by (r, a, u), respectively.
Since the locations of both the pilot and the object are 'read' by the
same device on the ground, a coordinate transforma ion is required to locate
the object in the A-System. Figure 3 illustrates the trajectories of the
aircraft and the object. It may be pointed out that the object_ is treated
as a point was: a::d m.?y h= ?nnthPr aircraft or a fixed structure, such as
a build*.g or a mountain peak.
IiZ (UP)
Object






Let (xo, yo, zo) are the coordinates of A and (xg , y g , z g ) of 0 in
^-System. Also, assume chat (x a , y 3 , za ) ate cuurdiiidteS of 0 in A-System.
The three vectors are related by a coordinate transformation at any given
time:
xa xg-xo
Y =	 T	 Yg-Yo (3)
Z yg-ZoJ
cos 0 -sin	 1	 0 0 cos T	 -sin `Y	 0
where	 T= 0 1	 0	 0	 cos 0	 sin e	 sin Y	 cos T	 O
sin 0	 cos	 0	 -sin 6	 cos 0	 0	 0	 1 (4)
I
Above	 (`P,	 6, ^)	 are Euler angles between G- and A-JVSLuwS defined by
three successive rotations: about Z-axis by Y' (heading),	 then about new






For the sake of generality, let (x p , vp , z p ) be the coordinates of the
pilot's eyes (1•) in the A-System. In the A-System the windows have fixed
positions. Therefore, the coordinates of each corner of a window are known.
2.2 SOML GE M TRICAL FORMULAE
The coordinates of the point of intersection (I), of the line from
P to 0 and the plane of the window, will be determined.
As it may be found in any textbook on solid geometry, the equation of
(straight) line passing througr two points (xl, yl) z l) and (x 2 , y2 , z 2 ) is
x-x l	y-yl	 z-zl	 (5)
x 2-xl	 y2-yl	 z2-zl
where Q is a constant.
The distance (D) between two points (xl , yl , zl ) and (x2, y2, z2) is given by
D = _V(x2-x1)2 + (y2-y 1 )2 + (z2-z] )2.	 (6)
Any linear equation in (x, y, z) defines a plane. The equation _ a
plane, whose three non-collinear points are (xl, yl, zl), (x 2 , y2+ z 2 ) and
(x3 , yj , z3 ), is given by determinant equation:
x y z 1
x  y l z l 1
X2 y 2 z 2 1





The intersection point (xi , YI P zI ) of the line defined by (5) and the
plane defined by (7) is given by
xi	 = Q(xa-xp) + xp,
YI	 = Q(Ya-Yp) + Yp,
zI	 = Q ( za- zp) + zp ,
where	 d-axp-byp-czp
Q	
a(x-xp) + b(y-yp ) + c(z-zp)
with	 a= yl( z2- z3) - zl( y2- y3) + (y2'3-z2y3),
b= -xl (z2 -z3 ) + zl (x2-x3 ) - (-Lz3-22x3),
C= xl(Y2- y3) - yl ( x2- x3 ) + (x2y3-.,,2x3),
d= xl (y2 z3-z-y3 ) - yl (x2 z3-22 x3 ) + zi (x2 y3 -y2 x3 ) .
The area ( G ) of a triangle, whose corners are located at (xl, yl^ zl)9
(x2 , y2 , z2 ) and (x3 , y3 , z3 ), is given by
N 123 = 1/2 Al 2 + A22 + A32
where	 Al = xl(Y2- y3) - yl (x2 -x3 ) + (x2y3-y2x3),
A2 = xl (z2-z3) - zl(x2-x3) + (x223-z2x3),
A3 = yl( 7-2- z3) - zl( y2- y3) + (y2z3-z2y3)
2.3 GEOMETRY OF VISION
lo find out whether the intersection point (I) lies within the boundary












Numerals ( i., 2, 3, 4, 5) index corners and I is the point of intersection.
The window and the point I lie in one plane. We form all possible combinations
out of corners taking two adjacent ones at a time, i.e., (1,2), (2,3), (3,4),
(4,5), and (5,1). We pick up one pair at a time and the point I each time to
form as many triangles as there are pairs ;
 i.e., (1,2,I), (2,3,I), (3,4,I),
(4,5,I) and (5,1,I). We sum the areas (say, A I ) of the triangles above.
Then we calculate the true area (say, J) of the window, which is the sum
of the areas of triangles whose vertices are at (1,2,3), (1,3,4), and (1,4,5).
It may be noted that, by definition, the innter an;le between any two
adjacent sides of a window may not exceed 180°. Next we evaluate the
distance (say, D PO) between the pilot's eyes (P) and the object (0), and
also the distance (say, D IO ) between the point of intersection (I) and the
object (0). Quantities A l. and AT
 are calculated using expression (9), while
DPO and D IO are evaluated using (6).
2.4 VISIBILITY CRITERIA
Define a small arbitrary number (say, e) which will provide the model
a certain tolerance in the accuracy of the input data and the computer..
Then, the table in Figure 5 establishes the criteria that the object (0)
would be visible to the pilot (P) through the particular window whose plane






AI - A T I 	 < E
D f0 < D PO	 VISIBLE






























For the purpose of illustration, we have chosen a CESSNA-172, the vision
envelope of which, as seen by the pilot, is depicted in Figure 6. As it i.ay
be noted, the windows have shapes complicated enough to be described by
simple geometry. Therefore, the windows are approximated to simple
geometric shapes for mathematical convenience, as shown in Figure 7.
We will assume that the origin of the A-System is located at the
pilot's eyes; therefore,
x  = y p = z  = 0.	 (10)
The position coordinates of the aircraft and the object are given in a
coordinate system fixed to the runway, which we will choose to be our ground-
based G-System. The ozientation of the aircraft (i.e., pitch, Beading, and
bank angles) are given in Lire radar -Leiative coordinate systems. S i n c c
planes of both the ground and radar are the same, only the heading is
transformed to the G-System.
We will now show, using our model, whether an object is visible through
the segment of the front window, marked (X) in Figure 7. The coordinates of
the vertices of this window are calculated using (1) in the A-System, and are








































































































































































































































































(in degrees) 2ti Yi. zi
1 -2 0 0.000 0.999 -0.0348
2 -2 46 0.718 0.694 -0.034
3 46 60 0.6015 0.347 0.719
4 65 0 0.000 0.422 0.912
Figure 8
1^
The coordinate of the aircraft and the object in G-System are given aE
(xo ,	 yo ,	 zo )	 =	 (-2142,	 6498, 770)	 ft , (11)
( xg ,	 yg ,	 zg )	 =	 (-11050,	 4000, 1200)	 ft (12)
The orientation of the aircraft in radar-relativa system is
(T,	 e,o	 =	 ( -69 0 ,	 -2 0 ,	 -19°), (13)
and in the G-System (runway) is
(Y',	 6,	 (-69°-46.18°,	 -2°, -19°)
_	 (-115 0 .18,	 -20°, -19°), (14)
where we have corrected for the runway azimuth (46 °.18) as measured by radar.
The coordinates of the object in the A-System a-e evaluated using (3)	 and	 (4)





	 =	 0.8507	 -0.4252
a
0.3086 -10498





—,.. CMW -+ .-..-
(17)
I^
Since a plane can be fixed by any three non-collinear points, we will choose
vertices 1, 2, and 3. Therefore, from the table in Figure 8,
(xl , Y l , zl )	 = (0, 0.999,-0.0348),
(x2, y2 , z 2 )	 = (0.718, 0.694, -0.034),
(x3, v 3 , z 3 )	 = (0.6015, 0.347, 0.719).
With the aid of (10), (15), and (16) we have the point of intersection given
Dy (8):
(x.I, Y I , z I )	 = (-0.2004, -0.7835, -0.2141).
The area enclosed by the window is evaluated using (9):
AT -
	 A l23
	 + A134	 =	 0.258	 +	 0.413
=	 0.671
As described in article 2.3, we will calculate the areas of the triangles
whose vertices are (1, 2, I), (2, 3, I), (3, 4, I), and (4, 1, I). They
are:
I _
Al2I + A 23 + A 34 + A 41
0.6725.
With (18) and (19), we have:
A I 
-
 AT	 =	 0.0042.
Also using (6), we find that the distance between the intersection
point (I) and the object (0) is less than that between the pilot (P)
ad the object (0), i.e.,
DIO = 16606.37,
DP0 = 16607.20.
With the tolerance level c = 0.02 and the table in.figure 5, we conclude
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4.	 CONCLUSION
We have presented a technique and a computer program to determine whether a pilot
1
can see an exterior (point) object if the position and the orientation of the
ai rcraft, the position of the object, and the geometry of the windows of the
aircraft are known. The formulation and calculation are extremely simple and
1	 easy to implement. The object is treated as a point mass, and may be another
aircraft, the top of a building, or a mountain peak in the range of sight.
Pilot look angles to the other references such as runway approach lights
etc., can also be evaluated.
Since the speed of the aircraft is finite, and the object most probably
has a finite dimension, it may be interesting and useful to know the duration
the pilot can see the object. It might be interesting as well to determine
the times and durations the pilot can see the particular area at which he
expects to land during various traffic patterns.
The model assumes that the probability of the pilot looking through one
window is the same as that when looking through another. In practice this is
not true. The pilot spends more time looking through front windows and less
through farther ones. This observation may be represented by a Gaussian
distribution, and included in the calculation of the probability that the
pilot can see through a particular window. This can be achieved by a
modification of (Xp , Y p , Zp ) at r = t in Equation (8).
r
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